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Abstract. In this paper, it is proved that fractional Hermite-Hadamard inequality and fractional
Hermite-Hadamard-Feje´r inequality are just results of Hermite-Hadamard-Feje´r inequality. After
this, a new fractional Hermite-Hadamard inequality which is not a result of Hermite-Hadamard-
Feje´r inequality and better than given in [9] by Sarıkaya et al. is obtained. Also, a new equality
is proved and some new fractional midpoint type inequalities are given. Our results generalizes
the results given in [5] by Kırmacı.
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1. INTRODUCTION
Let f W I  R! R be a convex function defined on the interval I of real numbers
and a;b 2 I with a < b. The inequality
f

aCb
2

 1
b a
Z b
a
f .x/dx  f .a/Cf .b/
2
(1.1)
is well known in the literature as Hermite-Hadamard’s inequality [2, 3].
The most well-known inequalities related to the integral mean of a convex func-
tion f are the Hermite Hadamard inequality or its weighted versions, the so-called
Hermite-Hadamard-Feje´r inequality.
In [1], Feje´r established the following Feje´r inequality which is the weighted gen-
eralization of Hermite-Hadamard inequality (1.1):
Theorem 1. Let f W Œa;b! R be convex function. Then, the inequality
f

aCb
2
Z b
a
g.x/dx 
Z b
a
f .x/g.x/dx  f .a/Cf .b/
2
Z b
a
g.x/dx (1.2)
holds, where g W Œa;b! R is nonnegative, integrable and symmetric to aCb
2
(i.e.
g .x/D g .aCb x/ for all x 2 Œa;b).
c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In [5], Kırmacı used the following equality to obtain midpoint type inequalities
and some applications:
Lemma 1. Let a;b 2 I with a < b and f W I ı! R is a differentiable mapping
(I ı the interior of I ). If f 0 2 LŒa;b, then we have
1
b a
Z b
a
f .u/du f

aCb
2

D .b a/
Z 1=2
0
tf 0 .taC .1  t /b/dtC
Z 1
1=2
.t  1/f 0 .taC .1  t /b/dt:
(1.3)
Following definitions of the left and right side Riemann-Liouville fractional integ-
rals are well known in the literature.
Definition 1. Let a;b 2Rwith a < b and f 2LŒa;b. The left and right Riemann-
Liouville fractional integrals RaCf and Rb f of order  > 0 are defined by
RaCf .x/D
1
  ./
Z x
a
.x  t / 1f .t/dt; x > a
and
Rb f .x/D
1
  ./
Z b
x
.t  x/ 1f .t/dt; x < b
respectively, where   ./ is the Gamma function defined by   ./ D
1R
0
e t t 1dt
(see [6, page 69] and [10, page 4]).
In [9], Sarıkaya et al. proved the following fractional Hermite-Hadamard type
inequality:
Theorem 2. Let f W Œa;b! R be a positive function with 0  a < b and f 2
LŒa;b. If f is a convex function on Œa;b, then the following inequalities for frac-
tional integrals holds:
f

aCb
2

   .C1/
2.b a/
h
RaCf .b/CRb f .a/
i
 f .a/Cf .b/
2
(1.4)
with  > 0.
Remark 1. In Theorem 2, it is not necessary supposing that f be a positive func-
tion and a;b are positive real numbers. From the Definition 1, it is clear that a;b are
any real numbers such as a < b.
In [4], I˙s¸can proved the following fractional Hermite-Hadamard-Feje´r type in-
equality:
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Theorem 3. Let f W Œa;b! R be a convex function with a < b and f 2 LŒa;b.
If g W Œa;b! R is nonnegative, integrable and symmetric to aCb
2
, then the following
inequality for fractional integrals holds:
f

aCb
2
h
RaCg.b/CRb g.a/
i

h
RaC .fg/.b/CRb  .fg/.a/
i
 f .a/Cf .b/
2
h
RaCg.b/CRb g.a/
i (1.5)
with  > 0.
In [7], Kunt et al. proved the following left Riemann-Liouville fractional Hermite-
Hadamard type inequality and next equality:
Theorem 4. Let a;b 2 R with a < b and f W Œa;b! R be a convex function. If
f 2 LŒa;b, then the following inequality for the left Riemann-Liouville fractional
integral holds:
f

aCb
C1

   .C1/
.b a/ R

aCf .b/
f .a/Cf .b/
C1 (1.6)
with  > 0.
Lemma 2. Let a;b 2 R with a < b and f W Œa;b! R be a differentiable function
on .a;b/. If f 0 2 LŒa;b, then the following equality for the left Riemann-Liouville
fractional integrals holds:
  .C1/
.b a/ R

aCf .b/ f

aCb
C1

D .b a/
24 R C10 tf 0 .taC .1  t /b/dt
CR 1
C1

t  1

f 0 .taC .1  t /b/dt
35 (1.7)
with  > 0.
In [8], Kunt et al. proved the following right Riemann-Liouville fractional Hermite-
Hadamard type inequality and next equality:
Theorem 5. Let a;b 2 R with a < b and f W Œa;b! R be a convex function. If
f 2 LŒa;b, then the following inequality for the right Riemann-Liouville fractional
integral holds:
f

aCb
C1

   .C1/
.b a/ R

b f .a/
f .a/Cf .b/
C1 (1.8)
with  > 0.
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Lemma 3. Let a;b 2 R with a < b and f W Œa;b! R be a differentiable function
on .a;b/. If f 0 2 LŒa;b, then the following equality for the right Riemann-Liouville
fractional integrals holds:
  .C1/
.b a/ R

b f .a/ f

aCb
C1

D .b a/
24 R C10  tf 0 .tbC .1  t /a/dt
CR 1
C1

1  t

f 0 .tbC .1  t /a/dt
35 (1.9)
with  > 0.
In our studies we noticed that fractional Hermite-Hadamard type inequality given
in Theorem 2 and fractional Hermite-Hadamard-Feje´r type inequality given in The-
orem 3 are just result of Hermite-Hadamard-Feje´r inequality (given in Theorem 1),
with a special selection of the weighted function. This show how strong the Hermite-
Hadamard-Feje´r inequality is. However, we will prove new fractional Hermite-Ha-
damard type inequality which is not a result of Theorem 1. Also, we will have new
fractional midpoint type inequalities.
2. RESULTS OF HERMITE-HADAMARD-FEJE´R INEQUALITY
Proposition 1. Theorem 2 is a result of Theorem 1.
Proof. In Theorem 1, let we choose g .x/ D .x a/ 1C .b x/ 1 for  > 0,
a;b 2 R and g W Œa;b! R (It is clear g .x/ nonnegative, integrable and symmetric to
aCb
2
). Computing the following integrals, we haveZ b
a
g.x/dx D
Z b
a
.x a/ 1C .b x/ 1dx D 2.b a/


; (2.1)
Z b
a
f .x/g.x/dx D
Z b
a
h
.x a/ 1C .b x/ 1
i
f .x/dx (2.2)
D
Z b
a
.x a/ 1f .x/dxC
Z b
a
.b x/ 1f .x/dx
D   ./
h
RaCf .b/CRb f .a/
i
:
Combining .1:2/, .2:1/ and .2:2/ we have .1:4/. This completes the proof. 
Proposition 2. Theorem 3 is a result of Theorem 1.
Proof. In Theorem 1, let we choose w.x/D
h
.x a/ 1C .b x/ 1
i
g .x/ for
 > 0, a;b 2 R, g W Œa;b! R and g .x/ nonnegative, integrable and symmetric to
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aCb
2
(It is clear w.x/ nonnegative, integrable and symmetric to aCb
2
). Computing
the following integrals, we haveZ b
a
w.x/dx D
Z b
a
h
.x a/ 1C .b x/ 1
i
g .x/dx (2.3)
D
Z b
a
.x a/ 1g .x/dxC
Z b
a
.b x/ 1g .x/dx
D   ./
h
RaCg.b/CRb g.a/
i
;Z b
a
f .x/w.x/dx D
Z b
a
h
.x a/ 1C .b x/ 1
i
f .x/g .x/dx (2.4)
D
Z b
a
.x a/ 1f .x/g .x/dxC
Z b
a
.b x/ 1f .x/g .x/dx
D   ./
h
RaC .fg/.b/CRb  .fg/.a/
i
:
Combining .1:2/, .2:3/ and .2:4/ we have .1:5/. This completes the proof. 
Remark 2. Theorem 4 and Theorem 5 are not results of Theorem 1.
3. IMPROVEMENT OF FRACTIONAL HERMITE-HADAMARD TYPE INEQUALITY
We will use Theorem 4 and Theorem 5 to have new fractional Hermite-Hadamard
type inequality better than .1:4/.
Theorem 6. Let a;b 2 R with a < b and f W Œa;b! R be a convex function. If
f 2 LŒa;b, then the following inequality for fractional integral holds:
f

aCb
C1

Cf

aCb
C1

2
   .C1/
2.b a/
h
RaCf .b/CRb f .a/
i
 f .a/Cf .b/
2
(3.1)
with  > 0.
Proof. If .1:6/ and .1:8/ gather side by side and dividing into 2, it is hold the
desired result. 
Remark 3. Since, f is a convex function on Œa;b, it is clear f

aCb
2


f

aCb
C1

Cf

aCb
C1

2
for  > 0. It means that
(1) Theorem 6 is better than Theorem 2,
(2) In Theorem 6 if one takes  D 1, one has .1:1/,
(3) Theorem 6 is not a result of Theorem 1.
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4. NEW FRACTIONAL MIDPOINT TYPE INEQUALITIES
We will now prove an equality to have new fractional midpoint type inequalities.
Lemma 4. Let a;b 2 R with a < b and f W Œa;b! R be a differentiable function
on .a;b/. If f 0 2 LŒa;b, then the following equality for the fractional integrals
holds:
  .C1/
2.b a/
h
RaCf .b/CRb f .a/
i
 
f

aCb
C1

Cf

aCb
C1

2
(4.1)
D b a
2
26666664
R 
C1
0 t
f 0 .taC .1  t /b/dt
CR 1
C1

t  1

f 0 .taC .1  t /b/dt
CR C10  tf 0 .tbC .1  t /a/dt
CR 1
C1

1  t

f 0 .tbC .1  t /a/dt
37777775
Proof. If .1:7/ and .1:9/ gather side by side and dividing into 2, it is hold the
desired result. 
Corollary 1. In Lemma 4, if one takes  D 1, one has Lemma 1.
Theorem 7. Let a;b 2R with a < b and f W Œa;b!R be a differentiable function
on .a;b/. If jf 0j is convex on Œa;b, then the following fractional midpoint type
inequality holds:ˇˇˇˇ
ˇˇ  .C1/
2.b a/
h
RaCf .b/CRb f .a/
i
 
f

aCb
C1

Cf

aCb
C1

2
ˇˇˇˇ
ˇˇ (4.2)
 .b a/ 
C1
.C1/C2
ˇˇ
f 0 .a/
ˇˇC ˇˇf 0 .b/ˇˇ
with  > 0.
Proof. Using Lemma 4 and the convexity of jf 0j, we haveˇˇˇˇ
ˇˇ  .C1/
2.b a/
h
RaCf .b/CRb f .a/
i
 
f

aCb
C1

Cf

aCb
C1

2
ˇˇˇˇ
ˇˇ
b a
2
26666664
R 
C1
0 t
 jf 0 .taC .1  t /b/jdt
CR 1
C1

1  t

jf 0 .taC .1  t /b/jdt
CR C10 t jf 0 .tbC .1  t /a/jdt
CR 1
C1

1  t

jf 0 .tbC .1  t /a/jdt
37777775
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 b a
2
26666664
R 
C1
0 t
 Œt jf 0 .a/jC .1  t / jf 0 .b/jdt
CR 1
C1

1  t

Œt jf 0 .a/jC .1  t / jf 0 .b/jdt
CR C10 t Œt jf 0 .b/jC .1  t / jf 0 .a/jdt
CR 1
C1

1  t

Œt jf 0 .b/jC .1  t / jf 0 .a/jdt
37777775
D b a
2
24 R C10 t Œjf 0 .a/jC jf 0 .b/jdt
CR 1
C1

1  t

Œjf 0 .a/jC jf 0 .b/jdt
35
D b a
2
"Z 
C1
0
tdtC
Z 1

C1

1  t

dt
#ˇˇ
f 0 .a/
ˇˇC ˇˇf 0 .b/ˇˇ
D .b a/ 
C1
.C1/C2
ˇˇ
f 0 .a/
ˇˇC ˇˇf 0 .b/ˇˇ :
This completes the proof. 
Corollary 2. In Theorem 7, if one takes  D 1, one has [5, Theorem 2.2].
Theorem 8. Let a;b 2R with a < b and f W Œa;b!R be a differentiable function
on .a;b/. If jf 0jq is convex on Œa;b for q  1, then the following fractional midpoint
type inequality holds:ˇˇˇˇ
ˇˇ  .C1/
2.b a/
h
RaCf .b/CRb f .a/
i
 
f

aCb
C1

Cf

aCb
C1

2
ˇˇˇˇ
ˇˇ (4.3)
 b a
2
C1
.C1/C2
26666666664


C2 jf 0 .a/jqC 2C2 jf 0 .b/jq
 1
q
C

.C1/C2C1
2 .C2/ jf 0 .a/j
qC 4 .C1/
2 .C2/ jf 0 .b/j
q
 1
q
C


C2 jf 0 .b/jqC 2C2 jf 0 .a/jq
 1
q
C

.C1/C2C1
2 .C2/ jf 0 .b/j
qC 4 .C1/
2 .C2/ jf 0 .a/j
q
 1
q
37777777775
with  > 0.
Proof. Using Lemma 4, power mean inequality and the convexity of jf 0jq , we
have ˇˇˇˇ
ˇˇ  .C1/
2.b a/
h
RaCf .b/CRb f .a/
i
 
f

aCb
C1

Cf

aCb
C1

2
ˇˇˇˇ
ˇˇ
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 b a
2
26666664
R 
C1
0 t

ˇˇ
f 0 .taC .1  t /b/ˇˇdt
CR 1
C1

1  t
 ˇˇ
f 0 .taC .1  t /b/ˇˇdt
CR C10 t ˇˇf 0 .tbC .1  t /a/ˇˇdt
CR 1
C1

1  t
 ˇˇ
f 0 .tbC .1  t /a/ˇˇdt
37777775
 b a
2
266666666666664
R 
C1
0 t
dt
1  1q R 
C1
0 t

ˇˇ
f 0 .taC .1  t /b/ˇˇq dt 1q
C
R 1

C1

1  t

dt
1  1q R 1

C1

1  t
 ˇˇ
f 0 .taC .1  t /b/ˇˇq dt 1q
C
R 
C1
0 t
dt
1  1q R 
C1
0 t

ˇˇ
f 0 .tbC .1  t /a/ˇˇq dt 1q
C
R 1

C1

1  t

dt
1  1q R 1

C1

1  t
 ˇˇ
f 0 .tbC .1  t /a/ˇˇq dt 1q
377777777777775
 b a
2
 
C1
.C1/C2
!1  1q
266666666666664
R 
C1
0 t

h
t
ˇˇ
f 0 .a/
ˇˇqC .1  t / ˇˇf 0 .b/ˇˇqidt 1q
C
R 1

C1

1  t
h
t
ˇˇ
f 0 .a/
ˇˇqC .1  t / ˇˇf 0 .b/ˇˇqidt 1q
C
R 
C1
0 t

h
t
ˇˇ
f 0 .b/
ˇˇqC .1  t / ˇˇf 0 .a/ˇˇqidt 1q
C
R 1

C1

1  t
h
t
ˇˇ
f 0 .b/
ˇˇqC .1  t / ˇˇf 0 .a/ˇˇqidt 1q
377777777777775
 b a
2
C1
.C1/C2
2666666666664


C2
ˇˇ
f 0 .a/
ˇˇqC 2
C2
ˇˇ
f 0 .b/
ˇˇq 1q
C

.C1/C2C1
2 .C2/
ˇˇ
f 0 .a/
ˇˇqC 4 .C1/
2 .C2/
ˇˇ
f 0 .b/
ˇˇq 1q
C


C2
ˇˇ
f 0 .b/
ˇˇqC 2
C2
ˇˇ
f 0 .a/
ˇˇq 1q
C

.C1/C2C1
2 .C2/
ˇˇ
f 0 .b/
ˇˇqC 4 .C1/
2 .C2/
ˇˇ
f 0 .a/
ˇˇq 1q
3777777777775
:
This completes the proof. 
Corollary 3. In Theorem 8, if one takes  D 1, one has the following midpoint
type inequality,
ˇˇˇˇ
ˇ 1b a
Z b
a
f .u/du f

aCb
2
ˇˇˇˇ
ˇ b a8
24 13 ˇˇf 0 .a/ˇˇqC 23 ˇˇf 0 .b/ˇˇq 1q
C

2
3
ˇˇ
f 0 .a/
ˇˇqC 13 ˇˇf 0 .b/ˇˇq 1q
35 :
(4.4)
Theorem 9. Let a;b 2R with a < b and f W Œa;b!R be a differentiable function
on .a;b/. If jf 0jq is convex on Œa;b for q > 1, then the following fractional midpoint
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type inequality holds:ˇˇˇˇ
ˇˇ  .C1/
2.b a/
h
RaCf .b/CRb f .a/
i
 
f

aCb
C1

Cf

aCb
C1

2
ˇˇˇˇ
ˇˇ (4.5)
 b a
2
2666666666664
R 
C1
0 t
pdt
 1
p 
2
2.C1/2 jf 0 .a/j
qC 2C2
2.C1/2 jf 0 .b/j
q
 1
q
C
R 1

C1
 
1  tp dt 1p  2C1
2.C1/2 jf 0 .a/j
qC 1
2.C1/2 jf 0 .b/j
q
 1
q
C
R 
C1
0 t
pdt
 1
p 
2
2.C1/2 jf 0 .b/j
qC 2C2
2.C1/2 jf 0 .a/j
q
 1
q
C
R 1

C1
 
1  tp dt 1p  2C1
2.C1/2 jf 0 .b/j
qC 1
2.C1/2 jf 0 .a/j
q
 1
q
3777777777775
with 1
p
C 1
q
D 1 and  > 0.
Proof. Using Lemma 4, Holder inequality and the convexity of jf 0jq , we haveˇˇˇˇ
ˇˇ  .C1/
2.b a/
h
RaCf .b/CRb f .a/
i
 
f

aCb
C1

Cf

aCb
C1

2
ˇˇˇˇ
ˇˇ
 b a
2
2666664
R 
C1
0 t
 jf 0 .taC .1  t /b/jdt
CR 1
C1
 
1  t jf 0 .taC .1  t /b/jdt
CR C10 t jf 0 .tbC .1  t /a/jdt
CR 1
C1
 
1  t jf 0 .tbC .1  t /a/jdt
3777775
 b a
2
2666666666664
R 
C1
0 t
pdt
 1
p
R 
C1
0 jf 0 .taC .1  t /b/jq dt
 1
q
C
R 1

C1
 
1  tp dt 1p R 1
C1
jf 0 .taC .1  t /b/jq dt
 1
q
C
R 
C1
0 t
pdt
 1
p
R 
C1
0 jf 0 .tbC .1  t /a/jq dt
 1
q
C
R 1

C1
 
1  tp dt 1p R 1
C1
jf 0 .tbC .1  t /a/jq dt
 1
q
3777777777775
 b a
2
2666666666664
R 
C1
0 t
pdt
 1
p
R 
C1
0

t jf 0 .a/jqC .1  t / jf 0 .b/jqdt 1q
C
R 1

C1
 
1  tp dt 1p R 1
C1

t jf 0 .a/jqC .1  t / jf 0 .b/jqdt 1q
C
R 
C1
0 t
pdt
 1
p
R 
C1
0

t jf 0 .b/jqC .1  t / jf 0 .a/jqdt 1q
C
R 1

C1
 
1  tp dt 1p R 1
C1

t jf 0 .b/jqC .1  t / jf 0 .a/jqdt 1q
3777777777775
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 b a
2
2666666666664
R 
C1
0 t
pdt
 1
p 
2
2.C1/2 jf 0 .a/j
qC 2C2
2.C1/2 jf 0 .b/j
q
 1
q
C
R 1

C1
 
1  tp dt 1p  2C1
2.C1/2 jf 0 .a/j
qC 1
2.C1/2 jf 0 .b/j
q
 1
q
C
R 
C1
0 t
pdt
 1
p 
2
2.C1/2 jf 0 .b/j
qC 2C2
2.C1/2 jf 0 .a/j
q
 1
q
C
R 1

C1
 
1  tp dt 1p  2C1
2.C1/2 jf 0 .b/j
qC 1
2.C1/2 jf 0 .a/j
q
 1
q
3777777777775
:
This completes the proof. 
Corollary 4. In Theorem 9, if one takes  D 1, one has [5, Theorem 2.3].
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